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Abstract
In the standard model the running quartic coupling becomes negative during
its renormalization group flow, which destabilizes the vacuum. We consider
U(1) extensions of the standard model, with an extra complex scalar field and
a Majorana-type neutrino Yukawa coupling. These additional couplings affect
the renormalization group flow of the quartic couplings. We compute the beta-
functions of the extended model at one-loop order in perturbation theory and
study how the parameter space of the new scalar couplings can be constrained
by the requirement of stable vacuum and perturbativity up to the Planck scale.
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The standard model of elementary particle interactions [1] has been proven experimen-
tally to high precision at the Large Electron Positrion Collider [2] and also at the Large
Hadron Collider (LHC) [3, 4]. At the LHC the last missing piece, the Higgs particle has
also been discovered and its mass has been measured at high precision [5, 6], which made
possible the precise renormalization group (RG) flow analysis of the Brout-Englert-Higgs
potential [7, 8]. The perturbative precision of this computation is sufficiently high so that
the conclusion about the instability of the vacuum in the standard model cannot be ques-
tioned. While the instability may not influence the fate of our present Universe if the
tunneling rate from the false vacuum is sufficiently low (making the Universe metastable),
one may insist that the vacuum must be stable up to the Planck scale. Indeed, if we
assume the natural proposition that cosmological time is inversely proportional to the rel-
evant energy scale of particle processes, then short after the Big Bang the Universe based
on the standard model were unstable and could not exist, which calls for an extension of
the standard model.
In this letter we consider the simplest possible extension of the standard model gauge
group GSM = SU(3)c ⊗ SU(2)L ⊗ U(1)Y to GSM ⊗ U(1)Z and study the renormalization
group flow of the scalar couplings at one-loop order in perturbation theory. Although,
we are motivated by a specific model of such extensions [9], for small values of the new
gauge couplings–as suggested by other phenomenological considerations–the only relevant
couplings are the scalar ones and the largest Yukawa-coupling in the neutrino sector if we
assume similar hierarchy of the latter as one can observe for u-type quarks in the standard
model [10]. Hence, the precise formulation of the gauge sector does not influence our
conclusions and we need to focus on the formulation of the scalar sector.
Our scalar sector is defined similarly as in the standard model, but in addition to the
usual scalar field φ that is an SU(2)L-doublet
φ =
(
φ+
φ0
)
=
1√
2
(
φ1 + iφ2
φ3 + iφ4
)
, (1)
there is also another complex scalar χ that transforms as a singlet under GSM transforma-
tions. The gauge invariant Lagrangian of the scalar fields is
Lφ,χ = [D(φ)µ φ]∗D(φ)µφ+ [D(χ)µ χ]∗D(χ)µχ− V (φ, χ) . (2)
The covariant derivative for the scalar s (s = φ, χ) is
D(s)µ = ∂µ + igL T ·W µ + i ysgYB′µ + i (rsg′Z + ysg′ZY )Z ′µ (3)
where T = (T 1, T 2, T 3) are the generators and gL is the coupling of the SU(2)L group, gY
is the U(1)Y coupling, g
′
Z = gZ/ cos θZ is the ratio of the U(1)Z coupling and the cosine of
the kinetic mixing angle and g′ZY = g
′
Z − gY tan θZ is the mixed coupling [11], while ys, rs
are the corresponding hyper- and super-weak charges of the scalars. In the renormalization
1
group analysis below we shall concentrate on the phenomenologically relevant case when
the new couplings are super-weak, hence negligible in the scalar sector, and so the actual
values of rs are irrelevant.
In Eq. (2) the potential energy
V (φ, χ) = V0 − µ2φ|φ|2 − µ2χ|χ|2 +
(|φ|2, |χ|2)(λφ λ2λ
2
λχ
)( |φ|2
|χ|2
)
, (4)
in addition to the usual quartic terms, introduces a coupling term −λ|φ|2|χ|2 of the scalar
fields in the Lagrangian where |φ|2 = |φ+|2 + |φ0|2. The value of the additive constant V0
is irrelevant for particle dynamics, but may be relevant for inflationary scenarios, hence we
allow a non-vanishing value for it. In order that this potential energy be bounded from
below, we have to require the positivity of the self-couplings, λφ, λχ > 0. The eigenvalues
of the coupling matrix are
λ± =
1
2
(
λφ + λχ ±
√
(λφ − λχ)2 + λ2
)
, (5)
with λ+ > 0 and λ− < λ+. In the physical region the potential can be unbounded from
below only if λ− < 0 and the eigenvector belonging to λ− points into the first quadrant,
which may occur only when λ < 0. In this case, the potential will be bounded from below
if the coupling matrix is positive definite, i.e.
4λφλχ − λ2 > 0 . (6)
If these conditions are satisfied, we find the minimum of the potential energy at field values
φ = v/
√
2 and χ = w/
√
2 where the vacuum expectation values (VEVs) are
v =
√
2
√
2λχµ2φ − λµ2χ
4λφλχ − λ2 , w =
√
2
√
2λφµ2χ − λµ2φ
4λφλχ − λ2 . (7)
Using the VEVs, we can express the quadratic couplings as
µ2φ = λφv
2 +
λ
2
w2 , µ2χ = λχw
2 +
λ
2
v2 , (8)
so those are both positive if λ > 0. If λ < 0, the constraint (6) ensures that the denomina-
tors of the VEVs in Eq. (7) are positive, so the VEVs have non-vanishing real values only
if
2λχµ
2
φ − λµ2χ > 0 and 2λφµ2χ − λµ2φ > 0 (9)
simultaneously, which can be satisfied if at most one of the quadratic couplings is smaller
than zero. We summarize the possible cases for the signs of the couplings in Table 1.
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Table 1: Possible signs of the couplings in the scalar potential V (φ, χ) in order to have two
non-vanishing real VEVs. Θ is the step function, Θ(x) = 1 if x > 0 and 0 if x < 0
Θ(λ) Θ(λφ) Θ(λχ) Θ(4λφλχ − λ2) Θ(µ2φ) Θ(µ2χ) Θ(2λχµ2φ − λµ2χ)Θ(2λφµ2χ − λµ2φ)
1 1 1 unconstrained 1 unconstrained
0 1 1 1 1 unconstrained
0 1 1 1 0 1
After spontaneous symmetry breaking of G → SU(3)c ⊗ U(1)Q∗ we use the following
convenient parametrization for the scalar fields:
φ =
1√
2
eiT ·ξ(x)/v
(
0
v + h′(x)
)
and χ(x) =
1√
2
eiη(x)/w
(
w + s′(x)
)
. (10)
We can use the gauge invariance of the model to choose the unitary gauge when
φ′(x) =
1√
2
(
0
v + h′(x)
)
and χ′(x) =
1√
2
(
w + s′(x)
)
. (11)
With this gauge choice, the scalar kinetic term contains quadratic terms of the gauge fields
from which one can identify mass parameters of the massive standard model gauge bosons
proportional to the vacuum expectation value v of the BEH field and also that of a massive
vector boson Z
′µ proportional to w.
We can diagonalize the mass matrix (quadratic terms) of the two real scalars (h′ and
s′) by the rotation (
h
s
)
=
(
cos θS − sin θS
sin θS cos θS
)(
h′
s′
)
(12)
where for the scalar mixing angle θS ∈ (−pi4 , pi4 ) we find
sin(2θS) = − λvw√
(λφv2 − λχw2)2 + (λvw)2
. (13)
The masses of the mass eigenstates h and s are
Mh/H =
(
λφv
2 + λχw
2 ∓
√
(λφv2 − λχw2)2 + (λvw)2
)1/2
(14)
where Mh ≤ MH by convention. At this point either h or H can be the standard model
Higgs boson.
∗These are the only gauge symmetries that we could observe in Nature so far.
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As Mh must be positive, the condition
v2w2
(
4λφλχ − λ2
)
> 0 (15)
has to be fulfilled. If both VEVs are greater than zero–as needed for two non-vanishing
scalar masses–, then this condition reduces to the positivity constraint (6), but with dif-
ferent meaning. Eq. (6) is required to ensure that the potential be bounded from below if
λ < 0, which has to be fulfilled at any scale. For λ > 0, the potential is bounded from
below even without requiring the constraint (6). The inequality in (15) ensures Mh > 0,
which has to be fulfilled as long as vw > 0 independently of the sign of λ.
The VEV of the BEH field and the mass of the Higgs boson are known experimentally,
v ' 262 GeV and mH ' 131.55 GeV [8]. Introducing the abbreviation λSM = 12m2H/v2, we
have λSM(mt) ' 0.126 and we can distinguish two cases at the weak scale: (i) λφ(mt) >
λSM(mt) and (ii) λSM(mt) > λφ(mt). Then we can relate the new VEV w to the BEH VEV
v and the four couplings λSM, λφ, λχ, λ using Eq. (14) as
w(mt)
2(4(λφ(mt)− λSM(mt))λχ(mt)− λ(mt)2) = 4v(mt)2λSM(mt)(λφ(mt)− λSM(mt)) .
(16)
Using Eq. (16), it is convenient to consider w as a dependent parameter and scan the param-
eter space of the remaining three quartic couplings as done below. We are not interested in
the case of λφ(mt) = λSM(mt) because that prevents the model from interpreting neutrino
masses [9].
In case (i) when λφ(mt) > λSM(mt), then MH > mH , so only h can be the Higgs particle
and
Mh = mH , while MH = mH
√
λφ − λSM
λSM
√
4λφλχ − λ2
4(λφ − λSM)λχ − λ2 . (17)
The positivity of M2H , in addition to the constraint in (15), also requires that
4(λφ − λSM)λχ − λ2 > 0 or λφ > λSM + λ
2
4λχ
. (18)
In case (ii), m2H > 2λφv
2 > M2h , so only H can be the Higgs particle and we can express
the masses of the scalars as in Eq. (17), with h and H interchanged, or explicitly
Mh = mH
√
λSM − λφ
λSM
√
4λφλχ − λ2
λ2 + 4(λSM − λφ)λχ and MH = mH , (19)
which does not require any further constraint to (15).
In principle, it may happen that one of the VEVs vanishes at some critical scale tc. In
that case, for t > tc the only scalar particle is the Higgs boson. Thus, beyond tc we do not
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need to assume the validity of the extra constraints beyond the requirements of stability
and the new scalar sector affects only the RG equations.
Neutrino oscillation experiments prove that neutrinos have masses, which in a usual
gauge field theoretical description necessitates the assumption that right handed neutrinos
exist. The existence of the new scalar allows for gauge invariant Majorana-type Yukawa
terms of dimension four operators for the neutrinos
LνY = −
1
2
∑
i,j
νci,R (cR)ij νj,R χ+ h.c. (20)
provided the superscript c denotes the charge conjugate of the field. The Yukawa coupling
matrix (cR)ij is a real symmetric matrix whose values are not constrained. There are
other gauge invariant Yukawa terms involving the left-handed neutrinos (see Ref. [9] where
all possible terms are taken into account for neutrino mass generation), but those must
contain small Yukawa couplings, otherwise the left-handed neutrino masses would violate
experimental constraints. In our analysis below we assume that at least one element of the
diagonal matrix O cRO
T , with O being a suitable orthogonal matrix, can take any value in
the range (0, 1). We denote this element by cν below.
The values of the couplings at any scale are determined by the RG equations,
dg
dt
= aβ(g) (21)
where the factor a = ln 10 ensures, that the RG-time t = ln(µ/GeV) represents the energy
scale µ = 10t GeV rather than µ = et GeV and the variable g is a generic notation for the
five gauge couplings, the four most relevant Yukawa couplings ct, cb, cτ and cν , the two
quadratic and three quartic scalar couplings (14 equations in total). In order to solve this
coupled system of differential equations, we need to specify the β-functions and the initial
conditions for the couplings.
At one-loop in perturbation theory, the β-function of a dimensionless coupling g is
computed from the formula
β0(g) = M
∂
∂M
(
−δg + 1
2
g
∑
i
δZ,i
)
(22)
where δg is the one-loop counterterm for a given vertex, which is proportional to g, while
δZ,i are the wave function renormalization counterterms for all the i legs of the given vertex.
The one-loop β-functions are scheme independent and so is the one-loop equation Eq. (22)
(see for istance Chapter 12. of Ref. [12]). We computed those in perturbation theory at
one-loop order for the complete model of Ref. [9]. For the sake of completeness, we list
those in Appendix A.† In order to obtain the running of the scalar couplings, we need the
†It is easy to convince ourselves that the β-functions of the scalar sector should not depend on the Z-
charges. Indeed, our β-functions almost coincide with those of Ref. [13] written for the U(1)B−L extension,
with obvious changes due to the absence of scalar-vector coupling there.
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β-functions of the scalar sector. According to our assumption on the smallness of the new
gauge couplings, we can set g′Z = g
′
ZY = 0. We also neglect the Yukawa couplings of all
charged leptons as well as the quarks, except that of the t-quark. With these assumptions
the β-functions β0(g) ≡ b0(g)/(4pi)2 of the gauge and Yukawa couplings simplify to their
forms in the standard model, while those in the scalar sector become
b0(µ
2
φ) = µ
2
φ
(
12λφ + 2
µ2χ
µ2φ
λ+ 6c2t −
3
2
g2Y −
9
2
g2L
)
,
b0(µ
2
χ) = µ
2
χ
(
8λχ + 4
µ2φ
µ2χ
λ+
1
2
c2ν
)
with Dirac neutrino ,
= µ2χ
(
8λχ + 4
µ2φ
µ2χ
λ+ c2ν
)
with Majorana neutrino ,
b0(λφ) = 24λ
2
φ + λ
2 − 6c4t +
3
8
g4Y +
9
8
g4L +
3
4
g2Y g
2
L − λφ
(
9g2L + 3g
2
Y
)
+ 12λφc
2
t ,
b0(λχ) = 20λ
2
χ + 2λ
2 − 1
8
c4ν + λχc
2
ν with Dirac neutrino ,
= 20λ2χ + 2λ
2 − 1
2
c4ν + 2λχc
2
ν with Majorana neutrino ,
b0(λ) = 12λλφ + 8λλχ + 4λ
2 + λ
(
1
4
c2ν + 6c
2
t −
9
2
g2L −
3
2
g2Y
)
with Dirac neutrino ,
= 12λλφ + 8λλχ + 4λ
2 + λ
(
c2ν + 6c
2
t −
9
2
g2L −
3
2
g2Y
)
with Majorana neutrino .
(23)
We solve this system of simplified equations numerically for both types. Of course, for
cν = 0 the difference between the equations for Dirac and Majorana neutrinos disappears.
For cν > 0 the qualitative behaviour of the running couplings is similar for the two types
of neutrinos, but the larger coefficients in front of cν for the Majorana neutrino results in a
stronger effect of the neutrino Yukawa coupling, and eventually more constrained parameter
space.
We fix the initial conditions for the standard model couplings as done in the two-loop
analysis of Ref. [8] (using the two-loop MS scheme). Specifically, we set
gY (mt) =
√
3
5
× 0.4626 , gL(mt) = 0.648 , g3(mt) = 1.167 ,
λSM(mt) = 0.126 , v(mt) = 262 GeV , ct(mt) = 0.937 .
(24)
Chosing some initial values of the quartic couplings λφ(mt), λχ(mt) and λ(mt), we obtain
µφ(mt) and µχ(mt) according to Eq. (8), with w(mt) = w
(
λφ(mt), λχ(mt), λ(mt), λSM(mt)
)
determined from Eq. (16).
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In order to constrain the parameter space of the new couplings, spanned by λφ, λχ, λ and
cν , we require the validity of the conditions of Table 1, i.e. the stability of the vacuum up
to the Planck scale mP. Such studies have already been presented for various hidden sector
(usually singlet scalar) extensions of the standard model in Refs. [14–17]. In addition, we
also check the validity of the constraints set by the positivity requirement on the scalar
masses (Eq. (18) for case (i) and Eq. (15) for case (ii)), from the initial conditions up to mP,
but as long as w > 0. A similar analysis was presented in Ref. [18], but with Z2 symmetry
assumed on the new gauge sector. Our analysis is based on the simplest, but complete (in
the sense of renormalizable quantum field theory) extension of the standard model gauge
group described in Ref. [9]. This model introduces a new force, mediated by a T vector
boson and has the potential of explaining the confirmed experimental observations that
cannot be interpreted within the standard model.
As seen in Eq. (23), the β-functions are independent of both µφ and µχ, except of course
their own β-functions, which decouple from the rest. Thus, in the parameter scan we focus
on the four-dimensional parameter subspace of cν , λφ, λχ, λ by selecting slices at fixed
values of cν . In addition to the stability conditions, we also require that the couplings
remain in the perturbative region that we defined by
λφ(t) < 4pi , λχ(t) < 4pi , |λ(t)| < 4pi . (25)
We have restricted the region of the new VEV to w < 1 TeV because a large value of
w is likely to imply large kinetic mixing between the two U(1) gauge fields [9], which is
not supported by experiments (see e.g. Ref. [19]). This restriction does not influence the
allowed regions for the quartic couplings significantly.
Figs. (1) and (2) display our results for the allowed regions for the initial conditions of
λφ, λχ and λ at three selected values of the Dirac neutrino Yukawa coupling as shaded areas
where the stability of the vacuum and the constraints set by the positivity requirement on
the scalar masses are respected. In order to ease the interpretation, we show projections
of the allowed region onto two-dimensional subspaces. We also show the running couplings
up to the Planck scale at a point representing selected values of the initial conditions at
the electroweak scale. Although the new VEV w is not an independent parameter, we
find interesting to present the projections also in the w − g subspaces where g denotes
one of the quartic couplings. The foremost conclusion is that the parameter space is not
empty, but only for case (i), i.e. when λφ(mt) > λSM. Thus the Higgs particle has the
smaller scalar mass always. In fact, we find that the allowed region for λφ(mt) is about
[0.151, 0.241] (starting to decrease only for cν(mt) > 1.5, while minMH(t) ' 144 GeV.
Clearly, the precise values may somewhat change in an analysis at precision of higher
loops. Even in the allowed region for λφ, the parameter space for the other couplings
is constrained significantly and decreases slowly with increasing Yukawa coupling of the
right handed neutrino up to cν ' 1. Above cν ' 1 the parameter space vanishes swiftly.
The maximal allowed regions for the parameters are presented for the selected values of
cν in Table 2. Thus we find that the stability of the vacuum requires cν . 1.65 for Dirac
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Figure 1: Accepted initial conditions (as shaded areas) in the λφ(mt) − λ(mt) plane
(left) and λχ(mt)− λ(mt) plane (right) for the stability of the vacuum and perturbativity
preserved up to the Planck mass at different values of the Dirac neutrino Yukawa coupling
cν . The star marks the point in the parameter space for which the example of the running
couplings up to the Planck scale is presented in Fig. 2
Table 2: Maximal allowed regions of the couplings required by stability of the vacuum and
perturbativity of the couplings up to the Planck scale for selected values of the Yukawa
coupling of the right-handed neutrino cν(mt) and w < 1 TeV set explicitly
cν λ(t) λχ(t) (µφ(t)/GeV)
2 (µ2χ(t)/GeV)
2 w(t)/GeV MH(t)/GeV
0.0 [-0.26,0.23] [0.011,0.191] [−4362, 4962] [1122, 5802] [213,1000] [144,558]
1.0 [-0.24,0.22] [0.031,0.181] [−4362, 4362] [1142, 5482] [220,1000] [144,557]
1.5 [-0.26,0.22] [0.141,0.211] [−3742, 4962] [1112, 6032] [203,994] [144,598]
neutrinos (cν . 1.15 for Majorana neutrinos). It is also interesting to remark that the
allowed regions are also very sensitive to the value of the Yukawa coupling of the t quark.
For instance, at ct(mt) ' 1.1 the allowed parameter space vanishes completely.
In this letter we studied the ultraviolet behaviour of a simple, but complete (in the
sense of renormalizable quantum field theory) extension of the standard model gauge group
Ref. [9]. In order to constrain the parameter space of this new model, its predictions have to
be confronted with the large number of established experimental results in particle physics
and cosmology. We consider such experimental fact the existence of our Universe, which
according to our assumption, requires the stability of the vacuum up to the Planck scale.
Thus we computed the β-functions of the model and studied the dependence of the running
couplings of the scalar sector on the scale. Depending on the initial conditions at low energy
(set at the mass of the t-quark), we find a region in the parameter space of the new quartic
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Figure 2: Left: same as Fig. 1 in the λφ(mt) − λχ(mt) plane. Right: the running of the
couplings up to the Planck scale in a selected point of the parameter space
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Figure 3: Same as Fig. 1 in the w(mt)− g(mt) planes. Left: g = λ, right: g = λφ and λχ
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couplings and the largest neutrino Yukawa coupling where the vacuum remains stable up
to the Planck scale.
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A One-loop β-functions
We list here the one-loop β-functions β0 ≡ b0/(4pi)2 of the U(1)-extension of Ref. [9] with
the scalar potential in Eq. (4) and for both Dirac neutrinos. If the neutrinos are Majorana
type, only the coefficients of the neutrino Yukawa coupling change, which can be found
explicitly in Eq. (23). For the U(1)-gauge couplings we have
b0(gY ) =
41
6
g3Y ,
b0(g
′
Z) = g
′
Z
(
41
6
g′ZY
2 + 18g′Z
2 +
50
3
g′Zg
′
ZY
)
,
b0(g
′
ZY ) = g
′
ZY
(
41
6
g′ZY
2 + 18g′Z
2 +
50
3
g′Zg
′
ZY
)
,
(1)
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without using the GUT normalization. The β-functions of the weak and strong couplings
at one-loop level remain the same as in the standard model:
b0(gL) = −19
6
g3L , b0(g3) = −7g33 . (2)
The β-functions for the Yukawa-couplings are:
b0(cν) = cν
(
3
4
c2ν − 6g′Z2
)
b0(cτ ) = cτ
(
5
2
c2τ + 3c
2
t + 3c
2
b −
9
4
g2L −
15
4
g2Y −
15
4
g′ZY
2 − 3g′Z2 − 7g′Zg′ZY
)
,
b0(ct) = ct
(
9
2
c2t +
3
2
c2b + c
2
τ − 8g23 −
9
4
g2L −
17
12
g2Y −
17
12
g′ZY
2 − 3g′Z2 − 3g′Zg′ZY
)
,
b0(cb) = cb
(
9
2
c2b +
3
2
c2t + c
2
τ − 8g23 −
9
4
g2L −
5
12
g2Y −
5
12
g′ZY
2 − 3g′Z2 − 3g′Zg′ZY
)
.
(3)
The scalar mass terms exhibit RG-evolution according to:
b0(µ
2
φ) = µ
2
φ
(
12λφ + 2
µ2χ
µ2φ
λ+ 2c2τ + 6c
2
b + 6c
2
t −
3
2
g2Y −
9
2
g2L − 6g′Z2 −
3
2
g2ZY − 6g′Zg′ZY
)
(4)
and
b0(µ
2
χ) = µ
2
χ
(
8λχ + 4
µ2φ
µ2χ
λ+
1
2
c2ν − 24g′Z2
)
(5)
Finally, the β-functions for the scalar quartic couplings are
b0(λφ) = 24λ
2
φ + λ
2 − 2c4τ − 6c4t − 6c4b +
3
8
g4Y +
9
8
g4L +
3
4
g2Y g
2
L
+ 6
(
g′Z +
g′ZY
2
)4
+ (g2Y + g
2
L)
(
g′Z +
g′ZY
2
)2
− λφ
[
9g2L + 3g
2
Y + 12
(
g′Z +
g′ZY
2
)2]
+ 4λφ
(
c2τ + 3c
2
t + 3c
2
b
)
,
(6)
b0(λχ) = 20λ
2
χ + 2λ
2 − 1
8
c4ν + 96g
′
Z
2 + λχc
2
ν − 24λχg′Z2 (7)
and
b0(λ) = 12λλφ + 8λλχ + 4λ
2 + 48g′Z
2
(
g′Z +
g′ZY
2
)2
+ 24g2Y g
′
Z
2
− λ
[
8g′Z
2 +
9
2
g2L +
3
2
g2Y + 4
(
g′Z +
g′ZY
2
)2]
+ 2λ
(
1
4
c2ν + c
2
τ + 3c
2
t + 3c
2
b
) (8)
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